In this article the direct domain-mapping technique is applied in
Introduction
Materials with anisotropic properties have been extensively used in numerous applications since the early 1960s. For various purposes, composites are often constructed by combining two or more anisotropic materials such that the physically or chemically different phases will make possible the high performance. In achieving this high performance, the interaction between component materials in the interface is of utmost importance. As can be commonly observed in industry nowadays, many practical heat conduction problems in engineering may involve internal heat sources present in anisotropic media due to internal chemical reactions or electrical heating. To date, investigations on the multidimensional heat conduction problems in multiply adjoined media with internal heat sources still, indeed, remain extremely scarce in the open literature due to the complexities arising from the anisotropic heat fluxes across interfaces of dissimilar materials. In recent decades, many analytical works have been presented to deal with relevant anisotropic heat conduction problems. There are too many to include them all herein, and, thus, only a few are mentioned as examples. Tauchert and Akoz ͓1͔ used complex conjugate quantities to solve the thermal field in a two-dimensional anisotropic slab. Mulholland and Gupta ͓2͔ investigated a threedimensional anisotropic body by using coordinate transformations to principal axes. Chang ͓3͔ solved the heat conduction problem in a three-dimensional configuration by conventional Fourier transformation. By a transformation of anisotropic problems to orthotropic ones, Poon ͓4͔ first investigated the anisotropic temperature field in layered composites. Thereafter, Poon ͓5͔ treated the anisotropic heat conduction problem by further extending the transformation such that the mapped domain is governed by isotropic heat conduction. However, such treatment to analytically solve anisotropic heat conduction problems with finite domains has not been so generally successful due to the complexities arising from distorted boundaries and their associated boundary conditions after transformation. Although some analytical solutions have been obtained for a few specific problems, recourse to numerical methods is generally necessary for practical engineering problems.
In contrast with the domain solution technique, namely, the finite element method and the finite difference method, the boundary element method ͑BEM͒ has been recognized as an efficient numerical tool for engineering analyses due to its distinctive feature that only the boundary needs to be modeled. In their efforts to transform the extra volume integral appearing in the associated anisotropic thermoelasticity boundary integral equation ͓6,7͔, Shiah and Tan ͓8͔ applied such linear coordinate transformation in the BEM to numerically treat the anisotropic thermal field problem. As a result of such transformation, the mapped domain is then considered "isotropic," albeit distorted in the auxiliary plane. In conjunction with the BEM's multiple reciprocity method, Shiah and Lin ͓9͔ also applied the domain-mapping scheme to numerically solve the anisotropic field problem involving arbitrary volume heat sources present in the domain. By further extending the transformation for three-dimensional ͑3D͒ cases, Shiah and Tan ͓10͔ adopted the scheme to solve 3D anisotropic heat conduction problems by the BEM. For the related works, Yan et al. ͓11͔ studied two-layered isotropic bodies with homogeneous form, where the Green function solution is adopted to incorporate the effects of internal heat source. Hsien and Ma ͓12͔ used a linear coordinate transformation to solve the heat conduction problem for a thin-layer medium with anisotropic properties. Also, Ma and Chang ͓13͔ applied the similar methodology to analyze anisotropic multi-layered media.
As the foundation to further treat the associated thermoelasticity problem by the BEM, the present work is to solve, by the domain mapping technique, the temperature field in nonhomogeneous anisotropic media subjected to internal point heat sources. As mentioned earlier, the process is essential to enable the exact volume integral transformation for the associated thermoelasticity problem ͓6͔ treated in a sequentially coupled manner.
Despite its obvious significance in engineering, the associated thermoelasticity problem in the BEM still remains unexplored. This is mainly due to the complexities arising from anisotropic thermoelasticity as well as the complicated interfacial conditions between conjoint anisotropic materials. In the direct domainmapping scheme, the interfaces of dissimilar materials shall overlap or separate in the mapped plane for 2D or in space for 3D. In this article the thermal equilibrium conditions for interfaces between conjoint anisotropic materials, which are required for applying the BEM's sub-regioning technique, are presented for both 2D and 3D cases. Traditionally, regular interface conditions will require the same coordinates of interfaces for isotropic materials. However, the newly derived interface conditions have taken into account the overlapping or separation of interfaces. This technique is first introduced and implemented for both 2D and 3D cases. In the mapped plane or space, not only the locations but also the strength of the concentrated heat sources are transformed accordingly for each component material. The proposed scheme has been implemented into computer codes by slightly modifying a readily available BEM program for solving the standard Laplace equation. At the end, a numerical example is provided to demonstrate the validity as well as the applicability of the developed program codes.
Direct Domain-Mapping
For the heat conduction problem involving anisotropic media with the presence of internal point heat sources, following the tensor notation with repeated indices implying summation over them, the governing partial differential equation for each component sub-domain may be expressed as
͑1͒
where the notation of a comma is used to stand for spatial differentiation; T represents temperature change, and K ij are conductivity coefficients. In Eq. ͑1͒, the terms on summation are for a discrete distribution of concentrated heat sources with strength magnitude S m at point m and ␦ m stands for the Dirac delta function at the point. From thermodynamic principals and Onsagar's reciprocity relation, we get the following characteristics for general three-dimensional cases
The analysis can be significantly simplified in the case of orthotropy, where the cross-derivative terms are absent. As a result, a commonly adopted approach to treat the fully anisotropic problem is, first, to determine the principal axes ͑ 1 , 2 , and 3 ͒ by rotating the original Cartesian axes such that the cross-derivative terms will disappear before any further numerical treatments. In other words, under the rotated coordinate system, the governing equation becomes
where K i * represents the conductivity coefficients in the direction of the principal axes, and the caret notation for the heat source terms is used to denote corresponding heat sources under the rotated axes. Such an approach has been used in the finite element method ͓14,15͔, the finite difference method ͓16͔, and also the BEM ͓17,18͔. The procedure to reduce Eq. ͑3͒ into the canonical form of the standard Poisson's equation by scaling the principal coordinates has also been discussed in, e.g., Barnerjee and Butterfield ͓18͔. In this scheme, the analysis is carried out in the rotated, scaled coordinate system of the principal axes. However, reports of this procedure being applied to practical problems in general anisotropy remain very scarce in the BEM literature. Another attractive approach to numerically treat the anisotropic problem, proposed by Shiah and Tan ͓8,10͔, is to employ a coordinate transformation such that T in the transformed domain is governed by the standard Poisson's equation. For two-dimensional cases, the linear transformation between both coordinate systems may be generally expressed as
where ͓F͑K ij ͔͒ ͑or ͓F −1 ͑K ij ͔͒͒, the transformation ͑or the inverse transformation͒ matrix in terms of the invariant coefficients, has its component element ͓F mn ͑K ij ͔͒ ͑or ͓F mn −1 ͑K ij ͔͒͒. The linear transformation allows the analysis to be carried out using any standard BEM codes for the potential theory, albeit on a distorted domain in the mapped plane. With this transformation, any physical quantity like the temperature variation must remain unchanged at corresponding points on the physical and mapped plane. The value of its normal gradient across the boundary can be obtained via
where n i and n i denote components of the unit outward normal vector on the domain boundary defined in the physical and mapped domain, respectively; the underline is used to refer to the mapped plane defined by the x i coordinate system. As is presented in detail by Shiah and Tan ͓8͔, the mapping takes the following form
͑6͒
For three-dimensional cases ͓10͔, the transformation is given by
where ␣ i are given by
From thermodynamic considerations, it can be proved that the transformation parameter appearing in the above-noted transformation is always positive ͓10͔. Through the above-described transformation, the anisotropic field involving internal point heat source is now governed by
where the equivalent source strength S m Ј for both 2D and 3D cases is given by
Up to this point, the steps to reduce the anisotropic problem to one of "isotropy" have been presented. The primary goal, however, is to numerically solve the anisotropic field problem by the BEM. The implementation of this domain mapping technique in BEM will now be discussed.
BEM Treatment of Domain Mapping
As is well established in the BEM literature, the temperature change T and its normal gradient q = dT / dn along the boundary of a solution domain, where n is the unit outward normal vector, are related by the following boundary integral equation
where P and Q are the source and field points on the boundary, respectively; M n is the nth internal heat-source point. In Eq. ͑11͒, the value of c͑P͒ depends on the geometry at P, and U͑P , Q͒ and V͑P , Q͒ represent the fundamental solutions for the temperature and its normal gradient, respectively. The fundamental solutions are given by
2 r ,i n i for 3D · Also in Eq. ͑11͒, Ŝ is used to denote the distorted boundary defined in the mapped plane or space. As the usual process in the BEM analysis for solving Eq. ͑11͒ for a single domain, the solution domain is discretized into an assemblage of elements, each of which is defined by a finite number of nodes. Writing Eq. ͑11͒ for each of these distinct nodes with appropriate shape functions for the interpolation of the solution variables will result in a set of simultaneous equations for the unknown temperature or normal temperature gradient at the nodes. However, the collocation process for solving this boundary integral equation needs to be carried out on the distorted boundary. This therefore calls for immediate transformation of the input Neumann conditions ͓10͔ according to
͑13͒
By omitting the temperature gradient in the direction of the x 3 axis, Eq. ͑13͒ also holds for 2D cases. With properly posed boundary conditions, a set of simultaneous equations for the unknown temperatures or normal temperature gradients at nodal points resulting from the collocation process may now be solved using the standard matrix method. The solved potential gradients, however, need to be further processed to obtain corresponding values for the actual physical domain. The reader may refer to Refs. ͓8,10͔ for details regarding the processes and only the key steps are described as follows
where n is the outward normal vector on the boundary of the mapped domain, expressed in terms of its components n i in the x i direction; i , the temperature gradient along the mapped boundary, is defined by
Again, the temperature gradient in the third direction may be omitted to account for 2D cases.
To numerically calculate the normal temperature gradient at boundary nodes via Eq. ͑14͒, i T needs to be first computed by
where i and i stand for components of the unit vector of the local coordinate axes and , respectively, which are mutually orthogonal and both tangent to the boundary surface. For 2D cases, the above equation also holds if i and the temperature gradients ‫ץ‬T / ‫ץ‬x 3 and ‫ץ‬T / ‫ץ‬ are omitted. In Eq. ͑16͒, the temperature gradient ‫ץ‬T / ‫ץ‬n is directly obtained from the solution of the boundary integral equation for the distorted domain, while the other two temperature gradients ‫ץ‬T / ‫ץ‬ and ‫ץ‬T / ‫ץ‬ can be computed using the standard numerical interpolation scheme involving shape functions. The same applies for the computation of i and i in this equation. Therefore, the normal temperature gradient for the physical domain can be readily computed using Eqs. ͑14͒ and ͑16͒. Obviously, it can be seen that the algorithm developed for solving the 2D or 3D anisotropic temperature field is relatively simple when compared with the other schemes reported in the open literature. The only necessary modifications of an available BEM computer program that is developed for isotropic problems are the preprocessing of the coordinate transformation using Eq. ͑7͒ and the inputted temperature gradients using Eq. ͑13͒. After the boundary integral equation, Eq. ͑11͒, is solved for unknowns, one may directly obtain the temperature field and also its normal gradients via the postprocessing of the calculated temperature gradients by Eq. ͑14͒. This approach may be applied to solve the thermal field in non-homogeneous media that consist of multiple anisotropic materials with different properties as well. The discussion in the following will then focus on how to apply this algorithm to this problem.
Interface Conditions Between Dissimilar Anisotropic Materials
In the DDM to solve the anisotropic thermal field, the boundary of the physical domain will be distorted in the mapped plane ͑or space͒, where the solution domain is considered "isotropic." To apply the conventional sub-regioning technique in the BEM to solve the thermal field in a domain that consists of multiple isotropic media, one needs to supply appropriate thermal compatibility and equilibrium condition along interfaces of conjoint materials. This sub-regioning technique is well established in the open BEM literature and, thus, no further elaboration on this process is made herein. As mentioned earlier, due to the boundary distortion in the mapped plane ͑or space͒ for anisotropic materials, the interfaces of conjoint materials with different properties will thus overlap or separate as schematically illustrated in Fig. 1 for a typical 2D case. As a result of the interface overlapping or sepa- ration, the direct use of the conventional thermal equilibrium condition to solve the associated thermal field in the mapped plane or space, albeit considered "isotropic," will not be valid anymore. To apply the conventional sub-regioning technique to solve the boundary integral equation, each pair of points along the interface shall require two interface conditions-the compatibility and the equilibrium condition. For a general non-cracked interface between isotropic materials, the compatibility condition is described by
where the superscripts ͑1͒ and ͑2͒ are used to denote material 1 and 2, respectively. Since temperature is a scalar that does not depend on its defined coordinate system, this relation still holds for anisotropic materials, even though the distorted interfaces may overlap/separate in the mapped plane or space. However, due to the distortion of boundaries that results in misalignment of the unit outward normal vectors along the interfaces of adjacent materials, denoted by n ͑1͒ and n ͑2͒ , the thermal equilibrium of normal heat fluxes needs to be reformulated accordingly. For this purpose, consider first the heat fluxes out of the interfaces between adjacent materials 1 and 2 in the physical plane, denoted by Q i ͑1͒ and Q i ͑2͒ , respectively. The thermal equilibrium between adjacent materials states that the sum of the normal heat fluxes across their interfaces shall vanish, i.e.
Q i
which, for anisotropic materials, is further written as
By use of Eq. ͑7͒ and the chain rule to make differentiations accordingly, Eq. ͑19͒ can be expanded to yield
which can be abbreviated into a simple tensor form
͑21͒
From the coordinate transformation defined previously, the unit base vectors for the mapped and the original space system, denoted, respectively, by ê 1 and e 1 , are related by
͑22͒ ê 3 ϰ ͑␣ 1 e 1 + ␣ 2 e 2 + ␣ 3 e 3 ͒ where the symbol "ϰ" is to denote the mapping between both of the coordinate systems. We may now derive the expression for outward normal vector on the distorted boundary surface as follows n = n 1 ê 1 + n 2 ê 2 + n 3 ê 3 ϰ n 1 ͑ ͱ ⌬/K 11 ͒e 1 + n 2 ͓͑− K 12 /K 11 ͒e 1 + e 2 ͔ + n 3 ͑␣ 1 e 1 + ␣ 2 e 2 + ␣ 3 e 3 ͒ ϰ ͑n 1 ͱ ⌬/K 11 − n 2 K 12 /K 11 + n 3 ␣ 1 ͒e 1 + ͑n 2 + n 3 ␣ 2 ͒e 2 + ͑n 3 ␣ 3 ͒e 3 ϰ n 1 e 1 + n 2 e 2 + n 3 e 3 ͑23͒
Therefore, the unit outward normal vectors along the boundary surface for both of the coordinate systems are related by
where ⍀ is defined by
By substituting Eq. ͑24͒ into Eq. ͑21͒ followed by tedious algebraic processes, one may eventually obtain a simple yet very useful condition
which considers the balance of normal heat fluxes across the interfaces of two adjacent anisotropic materials. It should be noted that Eq. ͑26͒ still holds for 2D cases if ⍀ is given by omitting the third component of the unit outward normal vector, n 3 . Thus, Eq. ͑26͒ is considered the general thermal-equilibrium form between bonded interfaces of two adjacent anisotropic materials for both 2D and 3D cases. For a non-homogeneous composite that consists of several dissimilar materials bonded together, it is necessary to divide the domain into several subregions, treating each of them in turn. It would evidently be difficult, if not impossible, to derive an integral equation which is valid over all the external boundaries of the different material regions without due consideration for the interfaces between them. For such problems, the boundary integral equation can be written for each material subregion in turn; the appropriate compatibility and equilibrium conditions, described, respectively, by Eq. ͑17͒ and Eq. ͑26͒, are then enforced at the interface boundaries in the mapped plane or space. After the boundary integral equation ͑11͒ is solved for all unknowns along boundaries, the obtained temperature field for the mapped domain still stays unvaried for corresponding nodes, while the temperature gradients for the physical domain boundaries can be computed via the process as discussed previously. To demonstrate the veracity as well as the applicability of the proposed scheme, three numerical examples are presented next.
Numerical Examples
Requiring only relatively minor modifications, the proposed scheme has been implemented into existing BEM program codes, originally designed for the isotropic potential theory. Three numerical examples are investigated that involve anisotropic heat conduction in multiply joined media with discrete distributions of point heat sources in subregions. In the first two examples, a material combination of two commonly used crystals in the semiconductor industry, quartz for material 1 and a single crystal alumina Al 2 O 3 for material 2, is arbitrarily chosen to demonstrate the scheme's generality in handling full anisotropy. With the addition of a third material, bismuth, to the material combination chosen in examples I and II, the third example is to show the applicability of the proposed scheme to generally complicated interfaces of more than two combined materials. With asterisks denoting values in the directions of principal axes, the conductivity coefficients of these materials, categorized as the trigonal system, are listed as follows ͓19͔: For modeling the domain boundaries in the three problems, quadratic isoparametric elements are employed for the boundary element analysis. For the sole purpose of verifications, the three example problems are also solved using ANSYS, commercial computer software based upon the finite element method.
Example I. As schematically depicted in Fig. 2 , the first problem considered is a 10 m ϫ 10 m square block ͑material 1͒ in which a core column ͑material 2͒ with a diameter 4 m is embedded. Suppose temperature distribution is independent of the third direction in the x 3 axis such that we may treat this problem as a 2D case. As the thermal boundary conditions for this problem, sides AB and CD are prescribed with temperature changes 0°C and 100°C, respectively, while the other two surfaces are thermally insulated. As shown in Fig. 2 , suppose there is a discrete distribution of five heat sources with different strength S 1 = 1000 ͑W/m 3 ͒ and S 2 = 2000 ͑W/m 3 ͒ in material 1 and 2, respectively. To illustrate the capability of the proposed scheme in handling full anisotropy, materials' principal axes are arbitrarily chosen to be oriented 30°and 45°counterclockwise for material 1 and 2, respectively. Also shown in the same figure is the BEM mesh modeling of the boundary that employs 96 quadratic isoparametric elements with a total of 192 nodes. By enforcing the interface conditions given by Eq. ͑17͒ and Eq. ͑26͒ at interface nodes, we may then apply the sub-regioning technique followed by the postprocess described previously to convert the solution to the one for the physical domain. To simulate the point heat sources in ANSYS, the meshes need to be clustered in their vicinity. The FEM modeling in ANSYS employs 46800 PLANE-55 with a total of 47,041 nodes for the analysis. The computed temperatures along the insulated surfaces, normalized by ⌬T = 100°C, are plotted in Fig. 3 . Also, the normalized temperature gradients, dT / dn · L / ⌬T, from the solutions of BEM and FEM are plotted in Fig. 4 . Figure 5 shows the variation of the normalized temperature, T / ⌬T, around the circumference of the core column from the both approaches. As can be obviously seen from the comparisons shown in Figs. 3-5, excellent agreement between both solutions indeed verifies the veracity of the promposed BEM scheme. The minor discrepancies observed for the both solutions are, in fact, mainly due to the FEM modeling of the concentrated heat sources that require fine meshes in the vincinity of the heat source points.
Example II. To show the validity of the proposed scheme for 3D cases, the second problem we treat is to consider a long composite bar made by bonding together two rectangular bars made of quartz and a single crystal Al 2 O 3 as shown in Fig. 6 . The two ends are prescribed Dirichlet conditions with T 1 =0°C and T 2 = 100°C for the left and the right surface, respectively, while the remaining sides are thermally insulated. To demonstrate the generality of the proposed scheme for full anisotropy, the principal axes for both materials are arbitrarily oriented in a direction by rotating the first, second, and third axes with respect to the corresponding global Cartesian coordinate by 30°, 45°, and 60°, respectively. Suppose there exist two concentrated heat sources, each of which is located at the midpoint of material 1 and 2 with strength S 1 = 1000 ͑W/m 3 ͒ and S 2 = 2000 ͑W/m 3 ͒, respectively. Figure 7 shows the mesh discretization for the boundary surfaces, where 88 rectangular elements with a total of 496 boundary nodes are applied. To simulate the concentrated heat sources with convergent accuracy, the FEM modeling of the domain employs 16,0000 SOLID-70 elements with a total of 173,061 nodes. Since it is hard to present the whole 3D solutions with comparison of results in the limited space of this paper, only the variation of the normalized temperatures, T / ⌬T ͑⌬T = 100°C͒, along the midline of interface planes is plotted in Fig. 8 . As can be seen from the figure, the temperature keeps rising up to the point near the source and then starts to decline to the boundary value at the right end. Once again, the 3D solution from the present BEM approach agrees with the FEM analysis done in ANSYS.
Example III. To show the applicability of the proposed BEM scheme for a somewhat more complicated case, the last example problem considers a composite structure consisting of three different anisotropic materials with intersecting interfaces as shown in Fig. 9 . The materials' principal axes are arbitrarily chosen to be oriented with 30°, 45°, and 60°measured counterclockwise from the x 1 axis for material 1, 2, and 3, respectively. Also, the temperature is assumed to have a two-dimensional distribution as in Example I. Sides AB and CD are prescribed with the temperature changes 0°C and 100°C, respectively, while the top and bottom surfaces are thermally insulated. Suppose there exist three concentrated heat sources with strength S 1 = 1000 ͑W/m 3 ͒, S 2 = 2000 ͑W/m 3 ͒, and S 3 = 3000 ͑W/m 3 ͒ located at the midpoint of material 1, 2, and 3, respectively. Also shown in Fig. 9 is the BEM mesh discretization that only 124 quadratic isoparametric elements with a total of 261 nodes are applied to model the whole boundaries. To enforce the compatibility and equilibrium conditions at interface nodes between any two adjacent materials, not only all corners but also point R for material 1 require doublenode modeling. For the FEM modeling in ANSYS, 51,200 PLANE-77 elements with a total of 155,200 nodes are applied. Figure 10 shows the comparison of the results for the variation of the normalized temperatures, T / ⌬T ͑⌬T = 100°C͒, along surfaces BC, AD, and RG. In a similar manner, the computed temperature gradients along surfaces AB, EF, and DC are normalized as before and plotted in Fig. 11 for comparison of both results obtained by the BEM and the FEM. It is perhaps worth noting that the normal temperature gradients, dT / dn, on the upper interface EF ͑2͒ / EF ͑3͒ and the lower interface EF ͑1͒ are different due to dissimilarity of material properties. As is expected, fluctuations of the temperature gradients appear near those spots that are susceptible to the concentrated heat sources. Also, the variation of normalized temperatures along the interface EF is plotted in Fig. 12 for both results obtained by the BEM and the FEM. Once again, excellent agreement between both solutions is observed.
Conclusion
In this paper, the DDM technique is applied effectively in BEM as an alternative numerical tool to study the 2D and 3D anisotropic heat conduction in a multiply joined medium that are embedded with concentrated heat sources. This is achieved by mapping the physical domain into another coordinate plane or space where the temperature field is governed by the standard Poisson's equation. Therefore, the fully anisotropic field problem can be solved using standard BEM codes for "isotropic" problems governed by Poisson's equation, with relatively minor modifications to deal with preprocessing of the input data and postprocessing of the spatial gradients of the temperature. By such transformation, the strength of concentrated heat sources is converted with a transformation factor. Due to the boundary distortions of adjacent components, the mapping shall result in overlapping/separation of interfaces, which requires formulating appropriate compatibility and equilibrium equations. In this paper, the appropriate compatibility and equilibrium equations for both 2D and 3D cases are derived that account for thermal balance between interfaces. With the obvious ease of applying the proposed DDM technique, three numerical examples are provided to illustrate the ease and accuracy of this proposed scheme. 
